In this work, we present a Fully Eulerian framework for fluid-structure interaction (fsi) problems coupling the incompressible Navier-Stokes equations with a hyperelastic solid.
Introduction
We present a monolithic variational finite element method for fluid-structure interaction problems. Emphasis is on applications where very large structural deformations, free movement of the structure within a flow domain and contact of the structure with the domain's boundary, with other structures or selfcontact appears. The formulation presented in this work is Eulerian-Eulerian and a first variant of this novel approach has been suggested by Dunne [11, 12] .
There exist countless different approaches to model and simulate fluid-structure interaction problems. Among them, we focus on monolithic models, where the complete problem is formulated in one coupled system including the interface conditions between solid and fluid. Monolithic models allow for implicit solution schemes, large timesteps and offer the possibility to use sensitivity based error estimation and optimization methods. They are well suited for the simulation of problems with large fluid densities as appearing in hemodynamics [15] . While fluid problems are naturally described in a fixed Eulerian coordinate framework, a Lagrangian, material centered description is the usual basis for solid problems. All monolithic schemes for a fluid-solid interaction must somehow match these two different frameworks.
In Lagrangian or arbitrary Lagrangian methods, the flow problem is mapped onto a matching reference domain. Classical approaches are the ALE method, see [25, 3, 31] or deforming-spatial-domain / stabilized space-time methods (DSD/SST), see for instance [50, 48] . These formulations have in common, that kinematic and dynamic coupling conditions are easily embedded into trial spaces and established by variational techniques. A drawback of Lagrangian methods is the underlying transformation of the fluid-problem which can break down for large deformations or large solid movements. Lagrangian approaches are interface-tracking methods as the common interface is shared by both subproblems.
The Eulerian-Lagrangian methods use a Eulerian fixed computational mesh for the fluid problem and a Lagrangian mesh for the solid problems. Coupling of the two frameworks is accomplished by using force densities as in the immersed boundary method by Peskin [39] or the immersed interface method [35] . Other approaches introduce additional interface variables and couple the two systems using Lagrange multipliers. Examples are the fictitious domain method [19] , or other recent approaches based on the extended finite element method [17] . A survey of interface coupling approaches is given by Felippa et. al. [14] . EulerianLagrangian methods are interface-capturing approaches. The interface is not part of the fixed Eulerian fluid mesh and its location within the computational fluid domain must be captured implicitely as part of the solution scheme. An early approach for capturing the interface is the Volume of Fluid method [26] , where a tracking function Φ V takes the value one in the fluid domain and zero in the solid domain. This function Φ V is transported with the interface velocity. A proper numerical approximation of Φ V with a sharp jump from fluid to solid domain is one of the difficulties connected to this scheme. Another possibility for capturing the interface -at first used to model multiphase-flows -is by means of a scalar Level-Set [38, 44] function Φ L which in any point of the domain indicates the signed distance to the interface. The interface itself is given as zero-contour of the Level-Set function. Based on Level-Sets, very efficient and simple numerical schemes exist to describe free-boundary and fluid-structure interactions [34] . Usually, Level-Set representations of the interface lack the ability to reproduce sharp corners. A general problem of Eulerian-Lagrangian methods are the approximation properties close to the interface. Since the fluid elements are cut by the interface and the solution may be discontinuous (or at least not differentiable) across the interface, approximation with standard finite elements is difficult. Here, the extended finite element method helps to improve accuracy [8, 17] .
Finally, for problems with very large deformation, an Eulerian description of the structural problem is desirable [51, 37] . Using a fixed Eulerian background mesh, the interface between fluid and solid will freely move in the domain. A Eulerian method will always be of interface-capturing type. Dunne [11, 12] has first implementations of an Eulerian-Eulerian model for the interaction of an incompressible fluid with an hyper-elastic solid. Here, capturing of the interface is accomplished with the Initial Point Set (IPS), a vector-field Φ IPS used to transport the complete reference coordinate system. The IPS-method is able to capture interfaces with sharp edges. A finite difference approach for EulerianEulerian fluid-structure interaction based on the Volume of Fluid method [26] is introduced by Sugiyama [47] et. al. Here, the coupling between incompressible fluid and structure is solved with a pressure correction iteration. An Eulerian-Eulerian fluid-structure interaction method based on Level-Set functions is introduced by He & Qiao [20] . Four Level-Set functions are required to represent the moving structure domain. Two of them take a role similar to the Initial Point Set as introduced by Dunne [11, 12] . The Fully Eulerian formulation introduced in this work is based on extensions of the IPS method [43, 13, 40] . Fluid and solid problem are given in an Eulerian formulation, the interface conditions are embedded in the function spaces and realized by variational load balancing. For capturing the interface the solid's deformation will be extended to only a small layer in the fluid domain. The flow problem is modeled without any transformation and apart from the small interface layer no additional variables must be introduced, making the method very efficient.
In the second section we shortly introduce the required notation. Section 3 is devoted to the governing equations in Eulerian coordinates and deals with the coupling of fluid and solid problem. Details on discretization and the solution scheme are provided in Section 4. Finally, in Section 5 we present different numerical examples demonstrating the scope of this new Fully Eulerian fluidstructure interaction formulation.
Preliminaries
Let Ω ⊂ R 2 be a two dimensional domain. At time t = 0 this domain is split into a non-overlapping partitioning into the fluid partΩ f := Ω f (0) and solid partΩ s := Ω s (0) with a common interfaceΓ i := ∂Ω f ∩ ∂Ω s . We will consider problems, where the domain partitioning will change in time, the combined domain Ω however will be fixed:
At time t = 0 we callΩ f andΩ s the reference configuration. In the context of fluid-structure interaction,Ω s refers to the Lagrangian view-point and Ω s (t) to the Eulerian. For simplicity, we will consider problems with Dirichlet boundary conditions only and define
As function spaces we use the Lebesgue space L 2 (Ω) in the domain Ω or in the (moving) subdomains as well as Sobolev-spaces of L 2 functions with weak derivatives in L 2 . By (·, ·) Ω we denote the L 2 -inner product and by · Ω the usual L 2 -norm on Ω. Further, by ·, · Γ we denote the L 2 -inner product on (parts of) the boundary Γ ⊂ ∂Ω, usually the inner interface between the two subdomains.
Eulerian formulation of fluid structure interaction
In this section we derive the coupled system of equations describing the interaction of an incompressible Stokes or Navier-Stokes fluid with an elastic structure of St. Venant Kirchhoff type. All equations are given in variational formulation. This allows for an easy transformation between Eulerian and Lagrangian coordinate frameworks.
Eulerian description of fluid flows
Fluid problems are naturally given in the Eulerian coordinate framework. Here, the flow domain Ω f (t) is moving in time along with the interface Γ i (t) to the solid domain. On this interface, a no-slip condition is assumed for the viscous fluid. Let v i (t) be an extension of the interface-velocity into the fluid domain. Then, velocity and pressure are given as
where by V f (t) and L f (t) we denote suitable function spaces for velocity and pressure on the moving domain Ω f (t). The Cauchy-stress tensor is given by
where by ρ f we denote the fluid's density and by ν f its kinematic viscosity.
Lagrangian description of a St. Venant Kirchhoff material
In natural Lagrangian coordinates, elastic structures are modeled by describing the deformation of the reference domainΩ s := Ω s (0) viaT s (t) := id +û s (t) : Ω s → Ω s (t). The computational domainΩ s is fixed. OnΓ i := Γ i (0) we drive the problem by interface-stresses coming from the flow domain. LetF s := I +∇û s be the deformation gradient,Ĵ s := detF s its determinant andv s := d tûs the solid's velocity. The hyperelastic material is governed by:
Again, byV s andL s we denote suitable function spaces onΩ s . Byĝ s we denote interface-stresses on the interface boundary and byρ s the solid's density (in unloaded reference configuration). With the Lamé coefficient µ s and shear modulus ν s the second Piola Kirchhoff stress tensor for a St. Venant Kirchhoff material [27] is given byΣ
is the Green-Lagrange strain tensor.
Eulerian description of a St. Venant Kirchhoff material
The Eulerian version of solid equation (2) is derived by simple integral transformation using the natural mapping to the Eulerian frameworkT s (t) :Ω s → Ω s (t). First, for an Eulerian coordinate x :=x +û s (x, t) we define on Ω s (t) the Eulerian deformation u s (t) ∈ V s (t) and velocity v s (t) ∈ L s (t):
These definitions allow us to introduce an inverse mapping T s (t) : Ω s (t) →Ω s back to the reference domain, its deformation gradient F s and determinant J s :
With the relation T s (t) •T s (t) = id, it follows in Eulerian coordinates:
Next, letφ(t) ∈V s be arbitrary with Eulerian counterpart φ(t) ∈ V s (t) defined by φ(x) :=φ(x). Then, it holds:
Integral transformation of (2) using (4), (5) and (6) gives the Eulerian formulation of the solid problem:
where the Cauchy stress tensor in Eulerian formulation reads:
In Eulerian framework, the solid's density gets ρ s (x, t) = J s (x, t)ρ s (x). Transition to Eulerian coordinates gives rise to convective terms in the momentum equation as well as the velocity-deformation relation.
Coupled fluid structure interaction problem in Eulerian coordinates
Coupling of (1) and (7) is accomplished by prescribing balancing conditions for velocity and normal stresses on the common interface:
We realize these conditions by variational techniques. Continuity of velocities is incorporated in one globally defined and "continuous" trial space
. While looking straightforward, prescribing continuity of the velocities reveals a regularity problem that is discussed in literature [10] . Without further damping, the structure's velocity lacks the required regularity to have a welldefined trace on Γ i (t). Although being fundamental, we do not elaborate on this issue here.
The dynamic condition coupling the normal-stresses is realized by means of variationally consistent load evaluation [7, 18] choosing common and "continuous" test-functions φ ∈ V with φ s := φ |Ωs(t) and φ f := φ |Ω f (t) . Then, the dynamic condition is inherently given (g s = 0) with integration by parts: (8) with the outward facing normal vectors n f = −n s at the interface Γ i (t) with regard to fluid-and solid-domain.
For simplicity of notation we introduce characteristic functions with respect to the two subdomains:
Combining (1) and (7) the coupled fsi problem is given using the globally defined function spaces:
The crux of this very simple looking variational formulation is the partitioning of the domain Ω into the two subdomains described by (9) . The characteristic functions depend on the solution, namely on u s , itself. Dunne [12] used the deformation to introduce an additional global vector field, the Initial Point Set Φ IPS which at time t = 0 is the identity Φ(x, 0) = x and then transported with the solid's velocity v s and its extension to the fluid-domain. This IPS function helps to find a reference location of every Eulerian point. We further simplify this approach by directly using the Eulerian inverse transformation T s (t) := id −u s (t) : Ω s (t) →Ω s and its extension to define the characteristic functions:
where u : Ω → R 2 is an extension of u s to the whole domain. The extension u of the solid's deformation u s establishes the Initial Point Set by the relation Φ IPS (x, t) := x − u s (x, t) without the need to introduce additional variables. Note, that for a fluid-coordinate x ∈ Ω f (t) we do not necessarily require x − u s (x, t) ∈Ω f , see (11).
Comparison to ALE formulations
In the classical ALE formulation for FSI problems the structure problem is formulated on the static reference domainΩ s and the flow problem is mapped onto the fixed matching domainΩ f viaT f (x, t) :=x +û f (x, t), whereû f = ext f (û s ) is an extension of the solid's deformation field to the flow domain, see [31, 32, 18, 1] . By this transformation, the interface does not move in the computational domain and can easily be resolved with high accuracy. As a drawback, strong nonlinearities are introduced. For comparison with (10), the variational formulation of the coupled ALE system is given by:
with deformation gradientF := I +∇û, its determinantĴ and the stress tensors in Lagrangian formulation:
In both formulations, Eulerian and ALE, an extension of the deformation into the fluid domain is introduced. The conceptual difference between the Eulerian and ALE formulation is the use of the deformation-extension to the flow domain. In ALE, with this extension a mappingT f (Ω f ) = Ω f (t) is established used to transform the set of equations. This gives rise to one fundamental problem: if the mapping gets irregular, i.e.Ĵ f := det(∇T f ) → 0/∞, the ALE formulation will break down. This is unavoidable in the case of very large movement (e.g. permanent rotation of a free solid) or topology change (e.g. contact of the solid with the domain's boundary).
In the Fully Eulerian formulation, the extension u f is only used to capture the interface as a look-up function in the definition of (11). Here T f (Ω f (t)) =Ω f is allowed. We only expect T f (Ω f (t)) ∩Ω s = ∅. This gives more freedom in the choice of the extension's boundary values. Possible regularity problems of u f do not influence the overall scheme. For the numerical application it will turn out, that the extension u f is only required in a small layer around Γ i (t). Beyond this layer it is sufficient to solve the Navier-Stokes equations without further variables. This leads to a very efficient scheme.
One major drawback of transforming the structure system to Eulerian coordinates is the introduction of convection terms in the equations. Here loss of conservation principles due to numerical diffusion has to be expected. Further, even if the coupled Eulerian system (10) does not include strong nonlinearities at first sight (like it is the case for ALE), implicit domain affiliation leads to nonlinearities in the coupling. This even holds true, if linear models (Stokes and linear elasticity) are coupled. Finally, by having the interface cut through mesh elements, a discretization will require finer meshes to get accuracies similar to those of the ALE approach.
Discretization
In this section, we describe the discretization scheme used to approximate the fluid-structure interaction system (10) . In short, we use a semi-implicit time stepping scheme for temporal discretization and a stabilized equal order finite element discretization in space. 
Temporal discretization
For time-stepping, we use the θ-scheme and starting with U m−1 ∈ X m−1 we find the intermediateŨ m ∈ X m−1 bỹ
with the test-functions Φ := {φ, ψ s , ξ f } and the semilinear form
The scalar parameter θ ∈ (0, 1] controls the time-stepping scheme. For θ = 1 we get a variant of the implicit Euler scheme, for θ = 1/2 the well known CrankNicolson scheme which is of second order in the time. Since we use a first order explicit representation of the domain affiliation by freezing the characteristic functions at the old time step t m−1 we cannot expect second order convergence of the overall scheme in the general case. Nevertheless, we choose an implicitely shifted variant of Crank-Nicolson with θ = This very simple extension and projection operation will limit the overall accuracy of the scheme to O(k). For obtaining higher order schemes, time-stepping should be performed on space-time slabs similar to the DSD/SST formulation introduced by Tezduyar [49] . For extending the deformation one should use an extension operator which preserves the stiffness of the structure like the biharmonic operator, see [22] . However, since we will introduce a discrete extension on the algebraic level we skip further discussions at this point.
Ks Ks Figure 1 : Left: partitioning of a finite element triangulation into overlapping sub-meshes. Right: partitioning of interface-elements into four triangles each for accurate numerical quadrature.
Spatial discretization of the time-matching step (1)
Equation (12) is discretized by a finite element method using continuous, piece-wise polynomial equal order elements. First, by Ω h , we denote a triangulation of the domain Ω into quadrilaterals. Ω h consists of open, non-overlapping elements K ∈ Ω h and all elements have interior angles which are bound close to π/2 in order to prevent too sharp or blunt corners. Details on principals of finite element meshes as well as necessary modifications to deal with adaptive meshes and local mesh refinement are given in the literature [9, 5, 2] . The triangulation Ω h must not necessarily be aligned with the fluid and structure domain as it is usually the case in ALE formulations. Hence, an element K can be cut by the Interface Γ i (t) and be part of both subdomains. In the Fully Eulerian framework the domain partitioning is changing and a matching triangulation would require costly remeshing in every time-step. We define the sub-meshes (see the left sketch in Figure 1) :
f,h we denote a couple of H 1 -conforming isoparametric finite element space of degree r ≥ 1 which is assembled on the mesh Ω h and has the usual modification for Dirichlet boundary conditions on ∂Ω h . Since all unknowns (velocity, deformation and pressure) are discretized with order-rfinite elements, additional stabilization terms S LPS (·)(·) are added to the semilinearform A(·)(·) (see (13) ). Here, we use the Local Projection Stabilization method to cope with the discrete inf-sup condition. See the survey [4] and [42] for a first application to fluid-structure interaction problems. The stabilized semi-linearform is denoted by A h (·)(·). Further stability problems occur by discretizing the convective terms in the deformation-velocity coupling ∂ t u + v · ∇u = v. Here, a stable discretization is accomplished with the consistent streamline diffusion method [33] by modifying the test-space Y m,sd h
We emphasize, that deformation u h ∈ V s,h and pressure p h ∈ L f,h are not defined on the whole mesh. They appear only on the corresponding sub-meshes. As opposed to ALE formulation, no global extension of the solid deformation is required to solve the fluid-problem. By defining the deformation locally only on Ω s,h (which is the solid domain plus the small layer of interface elements Ω i,h ), a significant reduction of numerical effort is reached, as in many applications, the structure fills only a very small part of the entire domain. The stabilized Petrov-Galerkin-formulation of (12) reads:
where
Since the interface Γ i (t) is moving through the domain and crossing mesh elements, one cannot align the mesh nodes with the interface. This is a one severe drawback compared to interface tracking formulations like ALE. Numerical integration thus has to carefully consider the interface regions where the dynamics of the coupled problem are dominated. In Dunne [12] it was proposed to use summed integration formulas to evaluate integrals on elements touched by the interface. For an accurate integration a very large number of integration points is necessary. This method, not taking the specific layout of the interface into account is not efficient. Here, we approximate the interface by a piece-wise linear function and split every element touching the interface into four triangles. In the right sketch in Figure 1 we show examples for the splitting of an element into triangles. Each triangle is integrated with a seven-point Gauss formula [46] .
A further approximation problem occurs, since piece-wise polynomial finite element functions U h ∈ X h are not able to correctly reflect the solution's behavior at the interface. While the velocity is continuous over Γ i , it's gradient is expected to have a jump. Here, one should use the extended finite element method [8, 17] for increasing the interface accuracy.
Spatial discretization of the extension-step (2)
In the extension-step, we first have to extend the intermediate deformatioñ u m h,s into the fluid-domain. We assume, that the time-step k m is small enough to prevent interface-movements larger than one element-size
By this assumption it is sufficient to extend the deformationũ m h := ext h (ũ m h,s ) to at most one layer of elements into the fluid-domain. Here, we use a simple constant extension. In Figure 2 we give a plot of a one dimensional configuration. After extending the deformation we can locate the new interface-location using the extendedũ 
Solution scheme
In every time-step t m−1 → t m we need to solve a large, nonlinear coupled system of discretized partial differential equations given by (13) and (14):
where we have skipped the superscript "m" denoting the time-step. Given a suitable initial guess U , we approximate the solution by a Newton iteration
where by A h (U h )(W h , Φ h ) we denote the Gateaux derivative of A h (·)(·) in direction W h := {w h , r h , q h } ∈ X h . This derivative is computed analytically based on the variational form (13) . The Jacobian of the Navier-Stokes equations is standard and found in the literature. Computing the Jacobian of elastic structure equations, in particular including fluid-structure interactions is more involved, see [18, 1, 42] for works regarding ALE formulations. Here, due to the separate extension step, the Jacobian does not include derivatives with regard to the movement of the domain. Including these derivatives will be necessary when deriving fully implicit time-stepping schemes which will help to increase stability for larger time-steps. In this case, the derivatives with regard to the domain movement correspond to shape-derivatives as known from topology-and structure-optimization problems [45] . In the context of fluid-structure interactions or free-surface flows, these shape derivatives are analyzed by Brummelen and coworkers [55, 54] . As mentioned, using the semi-implicit time-stepping scheme we only need to evaluate the derivatives with respect to the principal variables which are easily given with help of the following fundamental relations [27, 42] : For completeness, we give the full Jacobian of A(·)(·) for the case of the backward Euler scheme (θ = 1) using the notation W := {w, r, q} and skipping all indices regarding temporal and spatial discretization
with the derivatives of the St. Venant Kirchhoff stress tensor in Eulerian coordinates:
A very efficient implementation of these derivatives is possible since most terms, like the product F −1 F −T appear very often and must be coded only once. The linear system to be solved in every step of the Newton iteration involves a very large and coupled, ill conditioned matrix given by (15) and (16) . In this first work on the Eulerian method we use a direct solver. While multigrid methods are well established for both solid and fluid computations, the application to a coupled fluid-structure interaction problem is very involved. For efficient solving one has to exploit a partitioned structure within the multigrid smoother, see [21, 28, 6, 16, 41] . Application of a partitioned inner iteration to the Eulerian formulation is difficult, since the interface cuts through mesh elements and no strict partitioning is available.
Numerical Examples

Model validation
For validation of the Eulerian model we consider a simple fluid-structure interaction benchmark, the CSM-1 problem as proposed by Hron and Turek [29] .
In this benchmark configuration, we model the deformation of an elastic beam, attached to an obstacle under a gravity force, see Figure 3 . In [29] different configurations have been proposed. Here, for validation purposes, we focus on the first CSM-1 test-case. Initially, fluid and solid are at rest, the problem is driven by a gravity force f s = −J sρs g s χ s acting on the elastic beam. In the original benchmark configuration [29] g s = 2 has been used, Wick [52] also published results for g s = 4 yielding a larger deformation. To exploit the possibilities of very large deformation with the Eulerian approach, we add a further test-case using g s = 8. We measure the deformation u s in the tip of the beam A = (0.6, 0.2) in the stationary limit. In Table 1 we present the deflections in this measurement point on different meshes with decreasing mesh sizes under three different gravity forces. For comparison, we indicate the reference values are stated in [29, 30] and [52, 53] . The complete set of parameters used in this configuration is:
It is clearly seen, that the Full Eulerian Method yields accurate values which are very close to the reference values cited from the literature. Further, the Eulerian framework is able to increase the gravity force. Considering the testcase g s = 8, the beam touches the rigid bottom of the flow-chanel, see Figure 3 . Here, no results for comparison are available in the literature. 
Contact problem
Finally, we model the "free fall" of an elastic ball Ω s with radius r ball = 0.4 in a container Ω = (−1, 1)
2 filled with a viscous fluid Ω f . Figure 4 shows the configuration of this test-case. At time t = 0, the midpoint of the ball is at x 0 = (0, 0). Since gravity is the only acting force on the solid, the ball will accelerate and fall to the bottom Γ bot . At this rigid wall, the ball stops and due to elasticity it will bounce off again. The parameters used for this test-case are given by ρ f = 10 3 ,ρ s = 10 3 , ν f = 10 −2 , µ s = 10 4 , λ s = 4 · 10 4 , f = −J sρs χ s . As functional outputs, we measure the average y-displacement and y-velocity of the structure as well as the structure's volume: In Figure 4 we show snapshots of the solution for different times. Figure 5 shows the progress of the functionals as function over time.
In Table 2 we indicate the maximum (negative) velocity that is reached at the time of first contact t C ≈ 0.952, as well as the maximum velocity that is reached after the first bounce-off t B ≈ 1.105, see done using three different temporal and spatial discretization parameters h and k. All meshes are uniform in space and time.
Finally, in Table 3 we give the temporal error with regard to mass conservation j mass (t) −ρ s πr J sρs dx.
Here, we observe O(h 2 ) convergence. Being an interface-capturing method like Level-Sets, this result has to be expected for linear finite elements. The timediscretization parameter k appears to be too small to have a substantial influence on the accuracy. 6. Outlook
